Rolling processes for which the characteristic length scale reaches into the range where size effects become important are receiving increased interest. In particularly, this is owed to the roll-molding process under development for high-throughput of micronscale surface features. The study presented revolves around the rolling induced effect of visco-plasticity (ranging hot and cold rolling) in combination with strain gradient hardening -including both dissipative and energetic contributions. To bring out first order effects on rolling at small scale, the modeling efforts are limited to flat sheet rolling, where a non-homogeneous material deformation takes place between the rollers.
Introduction
Rolling at small scale has recently received attention due to an apparent size effects observed when down-scaling experiments. One suspect to this is strain gradient hardening. It is well-established that with large plastic strain gradients come an increased hardening at micron scale -and rolling is no exception. As the sheet is forced between the rollers, a fairly heterogeneous evolution of plastic straining takes place and severe gradients develop (Richelsen, 1993 (Richelsen, , 1996 . To accommodate the large plastic gradients, Geometrically Necessary Dislocations (GNDs) are forced to develop, and with the movement and storage of these additional dislocations come added free energy and dissipation (Ashby, 1970; Gurtin, 2002; Ohno and Okumara, 2007) . At micron scale, GNDs can become a substantial portion of the total dislocation density, and thus dominate the amount of energy required to deform the material. Nielsen et al. (2015) recently demonstrated rolling related size effects in the rateindependent limit of an elastic-viscoplastic solid (cold rolling), employing a steady-state numerical framework. By accounting for a dissipative length scale, it has been shown that the forces (punch force, roll torque, power input etc.), and hence the contact interface conditions, between the rollers and the sheet, generally displays increased levels. As discussed by Richelsen (1991) , modeling the rolling process in a traditional Lagrangian finite element framework is by no means trivial. E.g. numerical issues arise when taking into account the continuously changing contact interface as the region moves relative to the discretized domain when the material passes between the rollers.
In addition, complexity is added by the frictional stresses changing direction within a 2 narrow sticking region for which the size and position is unknown in advance. All of these numerical issues are avoided in a steady-state framework by letting the discretized domain remain stationary relative to the rollers, while the sheet material passes through the domain. Thus, the contact interface, sticking region, and stress/strain fields become stationary to an observer at the rollers. This is all about relative motion, but the stationarity makes the numerical task easier to tackle.
Numerous numerical investigations of the rolling process have been undertaken and count both 1D, 2D and 3D studies (Montmitonnet, 2006) . A large portion of these accepts rigid-plasticity or visco-plasticity as an approximation (Zienkiewicz et al., 1978; Mori et al., 1982; Cavaliere et al., 2001) , and residual stresses and the associate material behaviour are typically neglected. Sheet rolling often takes place at elevated temperatures (hot rolling), ranking material sensitivity essential, but the importance of elastic unloading is recognized for rolling at room temperature (cold rolling). The steady-state formulation put forward by Dean and Hutchinson (1980) is well suitable for history dependent material deformation processes and it readily accounts for elastic unloading. Their method has been adapted to rolling in the study by Nielsen et al. (2015) , and it will be further exploited in the present investigation. The objective of the present study is to gain insight into, and quantify, the combined effect of strain ratesensitivity and strain gradient hardening during flat sheet rolling; essentially studying rate effects as the characteristic length scale reaches into the range where size effects become important. Both dissipative and energetic contributions are included.
The paper is structured as follows. The material model and steady-state formulation are presented in Section 2, while the considered boundary value problem is outlined in 3 Section 3. Results are laid out in Section 4 and discussed with focus on the combined effect of strain rate-sensitivity and strain gradient hardening. Some concluding remarks are given in Section 5.
2. Model: constitutive relations and steady-state formulation
Rate-sensitive constitutive material model
The flat rolling problem is analyzed using the gradient enhanced elastic-viscoplastic material model proposed in Gudmundson (2004) ; Gurtin and Anand (2005) ; Fleck and Willis (2009) . Here, a small strain formulation is employed. This is a reasonable approximation to the rolling process as the overall straining is proportional to the sheet reduction when limiting this to ∼ 15%. For small sheet reductions, the strains and the rotations remain small -yet large plastic strain gradients can evolve (see e.g. Fig. 6 ).
An additive decomposition of the total strain is applied, so that ε ij = ε e ij +ε p ij , where ε e ij is the elastic part and ε p ij is the plastic part. The total strain field is determined from the displacements, which together with the plastic strain components are determined based on the principle of virtual work for the current higher order material. In Cartesian components, this reads
where q ij is the micro-stress tensor, σ ij is the Cauchy stress tensor,
is the stress deviator and τ ijk is the higher order stresses, work conjugate to the plastic strain gradients, ε p ij,k . Here, ( ) ,k denotes the partial derivative with respect to the coordinate x k . The right-hand side of Eq. (1) includes both conventional tractions,
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T i = σ ij n j , and higher order tractions, M ij = τ ijk n k , with n k denoting the outward normal to the surface S, which bounds the volume V .
Following Fleck and Willis (2009) (Gudmundson, 2004; Fleck and Willis, 2009 )
with the gradient enhanced effective stress identified as;
The corresponding gradient enhanced effective plastic strain rate takes a quadratic form, so thatĖ
where, L D is the dissipative length parameter introduced for dimensional consistency.
Plastic deformations are typically considered to be dissipative, covering irrecoverable heat energy and cold work, while no free energy is associated with the plastic strains. However, when large plastic strain gradients appear (Ashby, 1970) , Geometrically Necessary Dislocations (GNDs) are develop, and this gives rise to additional free energy associated with the local stress field of the GNDs, as-well as increased dissipation when the GNDs move in the lattice (Gurtin, 2002; Ohno and Okumara, 2007) .
Thus, the total free energy takes the form
where Ψ G accounts for the free energy associated with GNDs. The conventional stresses is, thereby, given through the elastic relation;
being the isotropic elastic stiffness tensor, while the energetic higher order stresses are defined as; τ E ijk = ∂Ψ/∂ε p ij,k . The free energy related to GNDs are often assumed to be quadratic, with respect to the plastic strain gradients, so that;
Thus the energetic higher order stresses read;
where G is the elastic shear modulus and L E is the energetic length parameter. This setup is employed throughout the present study, but it is recognized that an on-going discussion of the form of Ψ G takes place in the literature (Fleck et al., 2015) . In any case, it will become evident from the results that the energetic contribution has a negligible effect on sheet rolling.
The developed model rely on a power-law relation for the visco-plastic behaviour, so thatĖ
where N is the power hardening exponent, m is the strain rate hardening exponent anḋ ε 0 is the reference strain rate. Thus,
. Thus, the developed model display significant visco-plastic behaviour for large strain rate hardening exponents, but approaches the response of a gradient enhanced J2-flow type material in the rate-independent limit (m → 0, see e.g. Fleck and Willis, 2009; Niordson, 2013, 2014) . Moreover, the response of the gradient enhanced model reduces to the prediction of its corresponding conventional version for zero length scales
. The numerical framework is, however, unstable in the limit when L D → 0, and thus a conventional material model has been independently developed and coded for comparison in Nielsen et al. (2015) . The material properties considered in the present study are summarized in Tab. 1. 6
Steady-State Formulation
The steady-state finite element (FE) formulation proposed by Dean and Hutchinson (1980) is chosen over a classical transient Lagrangian modeling approach since it directly brings out the steady-state field that appears stationary relative to the rollers.
Thus, convergence issues of any transient behaviour are avoided, making the steadystate formulation more precise and less demanding in terms of calculation time (see also Hacquin et al. (1996) for a similar approach). Moreover, the modeling approach directly accommodates elastic-plastic unloading, and can be adapted to a wide range of constitutive models. Dean and Hutchinson (1980) originally define steady-state in the context of crack propagation as the condition for which the stress/strain field surrounding an advancing crack tip remains unchanged to an observer moving with the tip. A similar approach can be adopted for the rolling process, where stationarity of the stress/strain field must exist for a continuous feed of a homogeneous sheet. Thus, the stress/strain field remains unchanged to an observer at the rollers seeing the material pass by. Any time derived quantity,ḟ , in the constitutive model can thereby be related to the spatial derivative through the sheet velocity,ȧ, along the x 1 -direction, according toḟ = −ȧ ∂f ∂x 1
. An incremental quantity, at a given material point (x * 1 , x * 2 ), can thereby be evaluated by a streamline integration along the negative x 1 -direction (see Fig. 1 ), which starts well in front of the active plastic zone (upstream,
2 ) and ends at the
). E.g. the plastic strains are determined as;
7 andε p ij being the plastic strain rates. The spatial streamline integration is carried out using a standard forward Euler time integration, with the point of interest holding the history of all upstream material points.
In the chosen model formulation, the conventional principle of virtual work for quasi-static problems can be use to determine the displacement field, u i (which corresponds to Minimum Principle II in Fleck and Willis, 2009) ,
whereas a corresponding minimum principle can be formulated for the plastic strain rate field (which corresponds to Minimum Principle I in Fleck and Willis, 2009) ,
The displacement field, and the related plastic strain rate field can thereby be iterated upon in a "staggered" approach.
The numerical implementation follows that of Niordson and Hutchinson (2011) .
Thus, based on the Minimum Principles in Eqs. (7)- (8), a standard finite element interpolation of the forṁ
can be introduced for the displacement increments and the plastic strain rate field, respectively. Here, 8-node isoparametric plane strain elements are used for the discretization of the displacement field, and corresponding 4-node elements are used for the plastic strain rate field. Both element types are integrated using Gauss quadrature, with 2 × 2 Gauss points. The nodal solution is iterated upon following a steady-state integration procedure similar to that in Dean and Hutchinson (1980) ; Niordson (2001) ; algorithm can be found in .
Problem formulation and contact procedure
In steady-state plane strain rolling the translational displacement of the sheet is large, but the strains remain small for moderate thickness reductions. E.g. let the position of a material point at time t = 0 be (x 1 , x 2 ) in the coordinate system defined in Fig. 1 , and denote the position of this same material point at time t by (X 1 , X 2 ). The displacements, u i (x 1 , x 2 ), used in the formulation are defined by the relation of these two positions of the same material point:
whereȧ is the constant velocity in the negative x 1 -direction of the undeformed sheet feeding into the rollers. The displacements, u i (x 1 , x 2 ), are relative to a frame translating with the feed velocity of the sheet, so that the strains are: ε ij = (u i,j + u j,i )/2. Each iteration in the process to solve for the displacements, strains and plastic strains in the current model set-up involves two sequential steps: i) solving for the distribution of plastic strain rates,ε p ij , using Minimum Principle I in Eq. (8) and obtaining the plastic strains by integrating along the streamlines as in Eq. (6); and ii) using Minimum Principle II in Eq. (7) to obtain the displacements and total strains.
The thickness of the undeformed sheet feeding into the rollers is 2H. The two circular cylindrical rollers of radius, R, are considered to be rigid and the downward displacement, ∆, of the upper roller is the depth of the minimum point on the roller surface below x 2 = H (see Fig. 1 ). The lower roller is assumed to be displaced upward by the same amount, thus symmetry conditions are enforced along x 2 = 0 with u 2 (x 1 , 0) = 0 andε p 12 (x 1 , 0) = 0, such that only the upper half of the sheet is meshed. The prescribed punch displacement is ∆/H, which is the thickness reduction, (H − h)/H, plus a small elastic spring-back, c.f., Fig. 1 . In addition to the material properties and the parameters controlling the rolling configuration (R/H, ∆/H), a dimensionless feed velocity oḟ a/(ε 0 H) is also prescribed. Depending on the value of strain rate hardening exponent, a significant influence of the sheet velocity can occur.
To initiate the iterative steady-state procedure, the roller is first punched into the plate while restricting the movement of all nodes that interact with its surface, so that these can only slide along the circular path outlined by the rigid roller. For this, a linear constraint is readily derived, and enforced by a penalty approach. In this way a stress/strain field is created, where after the streamline integration of the constitutive equations can be carried out. In the subsequent iterations, the reaction forces on the roller are continuously checked, and nodes are left free to move in the case a negative pressure on the roller develops.
A "Stick-Slip" condition is employed at the contact interface so that the friction forces obey Coulomb friction whenever slipping occurs, while the material is allowed to stick to the roller whereby the friction forces are set by static equilibrium. Thus, the maximum friction forces that can be transferred between the surfaces are; F f,max = µF n , with µ being the friction coefficient. Sticking is accounted for by imposing the constraint that the straining in the rolling direction (along the x 1 -axis) has to increase monotonically during contact. In case a decrease in straining occurs, the applied nodal friction force will be down-scaled to mimic static friction conditions (with F f,max = µF n ). The down-scaling and adjustment of the friction forces is made continuously during the iterative solution procedure, and allows for a "Sticking" region to evolve (see e.g. Figs. 9-10) . Moreover, the blocking of dislocations at the interface between the rollers and the sheet is neglected. Thus, the boundary is free in terms of higher order traction (no constraint on the plastic strains, ε p ij = 0).
Throughout this study care is taken so that sufficient traction is generated at the interface between the rollers and the sheet top surface for the prescribed constant sheet velocity to be maintained. Thus, no additional pull force will be added to the sheet (see e.g. Nielsen et al., 2015 , for details on the procedure). Moreover, no force acts on the sheet in front of the roller. To enforce this condition, a displacement at the right end of the sheet, u 1 (L, 0) = ∆ A , is prescribed and adjusted each iteration such that the reaction force at this point is nearly zero (on the order of 10 −6 of the pull force) in the converged solution. This constraint is enforced solely for numerical reasons and prevents free body motions.
Results
It has been shown by Nielsen et al. (2015) that the roller radius plays an important role in relation to size effects. Thus, rate-sensitive results will be presented for various roller sizes in the following, while keeping the punch displacement, ∆/H, fixed. Moreover, a friction coefficient of µ = 0.1 is employed throughout the study to ensure a constant sheet velocity solely by the action of the rollers (see e.g. Nielsen et al., 2015 , for low friction rolling).
As depicted in Figs. 2-3 , the evolution of the plastic straining that takes place during flat sheet rolling is largely non-homogeneous. Once the material establish contact with the rollers, the plastic straining rapidly increase from the un-deformed state. This increase occurs over a short distance, where after the subsequent increase in straining is moderate, and the sheet eventually leaves the rollers with a fairly homogeneous distribution of plastic strains (see e.g. Fig. 2 , or Richelsen, 1993) . Comparing Figs. 2 and 3, it is clear that size effects significantly influence the evolution in the plastic straining. Where large scale rolling displays close lying contours near the point of first contact (hence large gradients, see Fig. 2 ), much more uniformly spaced strain contours are captured for rolling at small scale (see Fig. 3 ). This has to do with the penalty that comes with large strain gradients at small scale. As the length parameter increases (corresponding to rolling thinner sheets), a larger amount of energy is needed Focus is on; a) the applied torque, T , that the roller transfers to the sheet, and b) the punch force, F punch , being the required loading on the roller perpendicular to the sheet surface. It is obvious from Fig. 4a that the dissipative length parameter can have a large influence on the material hardening during rolling as the torque applied to the roller increases dramatically -particularly for small roller size. Thus, rolling at small scale (corresponding to large length parameters) requires a relative larger power input 1 since the storage and movement of the GNDs, needed to accommodate large plastic strain gradients, lead to additional unrecoverable energy tied up in the deformation process.
1 In a small strain setting, the power input is approximated by; P = |T |ȧ/R, with T being the roll torque,ȧ the sheet velocity, and R the roller radius.
On the contrary, the energetic length parameter has a very limited influence on the both the torque and punch force acting on the roller. This has to do with the energetic length parameter being linked to the free energy associated with the current plastic strain gradients (or GND structure). Thus, at steady-state, a change in free energy associated with the rolling process is given by the difference in stored energy between a slice of material sufficiently up-stream and down-stream from the rollers, respectively.
By considering rolling of virgin material, zero gradients are found sufficiently far upstream from the rollers, and the residual plastic strain gradients existing down-stream from the rollers are few (see Fig. 6 ). Hence, the total power input going into the deformation process has to be little affected by the energetic length parameter, which is also indicated by the negligible effect on the roll torque. It is notice from Figs. 4-5 that these observations apply to both high and low sheet velocities independent of the material rate-sensitivity.
Both the dissipative and energetic length parameters only give rise to a small increase in the absolute value of the punch force, while the effect of the material ratesensitivity is significant (see . By introducing rate-sensitivity through the strain rate hardening exponent, m, the model reveals that both the torque and punch force acting on the roller increase monotonically with increasing rate-sensitivity at high sheet velocity, while a monotonic decrease is found for increasing rate-sensitivity at low sheet velocity. This has to do with the time aspect of the stress build-up/relaxation in the material deformation when m > 0. At low sheet velocity, the material has time to relax the stress field through plastic straining, whereby the forces (punch and friction force) involved in the rolling process is lowered. Moreover, this visco-plastic effect amplifies with increasing m-value (see also Eq. (5)). Vice versa, the material has limited time to relax the stress field at high sheet velocity, whereby the roll quantities of interest increase. It is noticed that this response to the rate-sensitivity is similar at all scales (see Figs. 4-5) . From Figs. 7-8, it is furthermore seen that an increase in the length parameters (corresponding to rolling at small scale) essentially yields a shift in the curves, while the trends remain the same. The dissipative length parameter is seen to display a significant effect over the entire interval of sheet velocities considered. On the contrary, the influence of the energetic length parameter remains negligible, which is related to the free energy storage/release mechanism discussed above (see e.g. Fig. 6c ). A (e) the element area, and σ y the yield stress 2 . Figure 9 displays results for rolling at large scale (L D /H = 0.05 and L E = 0, resembling the conventional limit), and at two distinct velocities. In the rate-independent limit, the model predictions compare well to previously published results by Richelsen (1996) -both with respect to the level and distribution of the surface traction (see also Nielsen et al., 2015) . However, by introducing rate-sensitivity it is easily seen that the stress-relaxation mechanism gives rise to an increase in the general stress level for a fast moving sheet (no time to relax stresses), whereas a somewhat lower level is obtained for a slow moving sheet. This is essentially what is also reflected in the roll torque and punch force discussed previously.
Moreover, it is noticed that both the peak traction and the sticking zone slightly shifts with the rate-sensitivity.
The traction distributions found at small scale rolling display close similarities to those at larger scale (compare Figs. 9-10, and see e.g. Nielsen et al., 2015) . It is, however, noticed that the contact traction that evolved at small scale is relative higher, and that a somewhat smoother peak exists where the roller first comes in contact with the sheet. This is, in particularly, obvious for large values of the dissipative length parameter (see Fig. 10a ). Similarly, the energetic length parameter yields identical trends, but much less pronounced (see Fig. 10b ).
Rolling at small scale is subject to the well-known size effects governed by the evolution of plastic strain gradients. As the sheet is forced between the rollers, the nonhomogeneous deformation gives rise to severe gradients just as first contact between the roller and sheet takes place, whereas a fairly uniform distribution of plastic straining exists through the thickness of the sheet after rolling. Finite element modeling of the rolling process has been undertaken in a steady-state framework, employing the higher order elastic-viscoplastic theory by Fleck and Willis (2009) , and the key findings of the study are;
• Rolling at small scale (corresponding to large length parameters) requires a relative larger power input to accommodate the additional unrecoverable energy tied up in the evolution of plastic strain gradients. Throughout, length scale effects have been demonstrated for all roller quantities considered. The dissipative length parameter plays a key role to the forces involved in the process, whereas the energetic length parameter displays a limited effect.
• Depending on the sheet velocity, the material rate-sensitivity yields severe stress build-up/relaxation during rolling at all scales. It is found that the roller quantities of interest (torque, punch forces, power input etc.) increase monotonically for increasing rate-sensitivity at high sheet velocity, while a decrease is found for increasing rate-sensitivity at low sheet velocity (see . These findings are directly tied to the predicted changes in the contact conditions, for which similar overall trends are observed (see Figs. 9-10 ).
• Based on the monotonic behaviour related to the material rate-sensitivity, a characteristic velocity has been identified for which the predicted roller quantities (torque, punch force, power input etc) becomes independent of the strain rate hardening exponent, m, and equals the rate-independent results (see .
A similar characteristic velocity has been found for steady-state crack propagation in , and employed in as an approximate way of extracting rate-independent results.
For clarity of results, and to keep focus on the combined effect of material ratesensitivity and strain gradient hardening, the present work takes as off-set the Coulomb friction model. This is an approximation and more complex friction models have been developed for metal forming processes. Adding such complexity is left for future work and the framework developed through the present work lends itself nicely to these studies.
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